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o : Abstract 

\Q ■ It is known that Gauss-Bonnet terms in higher dimensional gravity can pro- 

CN \ duce an effective cosmological constant. We add extra examples to this picture 

by presenting explicitly two branches of accelerating vacuum solutions to the 
Einstein-Gauss-Bonnet gravities with a bare cosmological constant in 5 and 6 
dimensions. Both branches of solutions are of constant curvature and the effec- 



{^jq! tive cosmological constants are independent of the acceleration parameter. One 

branch (the "— " branch) of the solutions is well defined in the limit when the 
, Gauss-Bonnet parameter approaches zero, in which case the effective cosmologi- 

cal constant becomes identical with the bare value, while the other (i.e. the "+" ) 
branch is singular in the same limit, and beyond this singular limit, the effective 
, cosmological constant is inversely proportional to the Gauss-Bonnet parameter 

\D 1 with a negative constant of proportionality when the bare value vanishes. 

O 



1 Introduction 



Gravitational theories with higher curvature terms have attracted considerable atten- 
tion. Among these, the Lovelock family [1] of gravity theories - of which Einstein- 
Gauss-Bonnet (EGB) gravity is a member involving contributions in curvature tensor 
up to second order - are of particular interests because these are the only theories which 
degenerate naturally into Einstein gravity in 4-dimensions [2]. Exact static spherically 
symmetric black hole solutions of EGB gravity have been found in Refs. [3, 4], and of 
the Einstein-Maxwell-Gauss-Bonnet (EMGB) and Born-Infeld-Gauss-Bonnet models 
in Refs. [5, 6]. Black hole solutions with nontrivial topology have also been studied in 
[7, 8, 9, 10, 11]. Other solutions like charged rotating black brane solutions [12], Taub- 
NUT solutions in EMGB gravity in 2k + 2 dimensions [13], nonstatic brane cosmology 
solution [14] and numeric black hole solutions [15] have also been studied. The thermo- 
dynamics of various black holes have also been studied in Refs. [5, 6, 16, 17, 18, 19, 20]. 

In this paper, we shall consider another aspect of EGB gravity, i.e. the effect of 
Gauss-Bonnet term on producing effective cosmological constant. That the Gauss- 
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Bonnet term can produce effective cosmological constant has been known for a long 
time, see, e.g. [3]. In [8] and [11], the same effect were also reproduced. Unlike 
the solutions given in [3] [8] [11], the explicit solutions we shall present is written in a 
special form which is conformal to the standard (A)dS metrics and the conformal factor 
depends on an angular coordinate, thus making the spacetime anisotropic. Similar 
anisotropic vacuum solutions in Einstein gravity were studied in [21] and are known to 
represent accelerating vacua. We believe that such vacuum solutions for EGB gravities 
were not discussed before in the literatures. 



2 Einstein vacua for Gauss-Bonnet gravity in 5- 
dimensions 

We begin by writing down the action of EGB gravity in n-dimensions: 

I = TT^ I dW^[i?-2A + eC G B], 

£gb = R^sR^ 5 ~ ^RfiuR^ + R 2 ', 

where G is the n-dimensional Newton constant, A is the bare cosmological constant 
and £ is the Gauss-Bonnet parameter. 

The field equation that follow from the action reads 



R^ — -^9^uR + J^g^v + £Hp U = 0, 



where 



H — 2 (Rfj.xpaRu^' 7 — 2Rfj,puaR pcr ~ "ZR^Rv" + RR^ U ) — -£gb9(j,v 



(2) 



In this section, we shall consider the case n — 5. Using the metric ansatz 



ds 2 



a 2 (x + y)' 



-Y(y)dt 2 + 



dy 2 



dx 2 



Y(y) X(x) 



+ X(x) 



dz 2 



+ Z(z)d<f>' 



(3) 



and by use of some computer algebra, we found that the following are exact solutions 
to the equations of motion (l)-(2): 

X(x) = l -C x x 2 + C 2 x + C 3 , 



y{y) 



l -C lV 2 - C 2 y + C 3 ) + (3 + 5y/l2£A + 9 



z(z) = \ (c x c z - l -C 2 ^j z 2 + C,z + C 5 , 

where 8 — ±1, C\ ~ C5 are integration constants and a is a free parameter introduced 
in the metric ansatz. We can freely take C 2 = C4 = and abs(C*3) = 1 by use of the 
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coordinate shift degrees of freedom. Further more, by use of the coordinate rescaling 
degrees of freedom, we can make abs(Ci) = 2. We also choose C1C3 = —2 and C5 = 1 
for simplicity. Then the solutions will read 

X(x) = e(l -x 2 ), (4) 
Y{y) = e(y 2 - 1) + ^ (3 + 6y/U£A + 9) , (5) 
Z(z) = \-z\ (6) 

where e = ±1 and is independent of 8. 

The above vacuum solutions were written in an unfamiliar coordinate system. To 
make them more recognizable, we need to make some coordinate transformations. For 
all values of e, we change y and z as follows, 

t 

t — y T — — , 

a 
1 

y -^r = — , 
ay 

z — > 62 = arccos(,z). 

The x coordinate transformation will depend on the value of e. For e = 1, we take the 
transformation 

x — > 6\ = arccos(— x), 

and for the case e = —1, we take 

x — > Q\ = arccosh(— x). 

In all cases the coordinates t and 4> are kept unchanged. The resulting metrics after 
the above transformations are given as follows. For e = +1, we have 

dQ 2 3+ = del + sin 2 Qx (d9l + sin2 M</> 2 ) , (9) 

where Hi = ±1 depending on the values of 5,^, A and a. Similarly, for e = — 1, the 
corresponding metric becomes 

^ = (orooBhV-l)* ("^ + ^ + r*dnl_) , (10) 



f ( \ 1 _l ^ r 1^2/2^ 3 + <V12£A + 9 . 
/ 2 (r) = -1 + — =- = -1 + r (a + — , (11 



12f 



d£%_ = def + smh' e x (de 2 2 + sin 2 e 2 dcp 2 ), (12) 
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where, again, K2 = ±1 depending on the values of 5, £, A and a. 



The metric (7) is explicitly conformal to the standard (A)dS metric. Without much 
effort, it can be shown that, although we obtained the metric (7) as an exact solution 
to the equations of motion (1) (with the insertion of (2)) of EGB gravity, it is indeed 
also a solution to the pure Einstein equation 



The form of the metric (7) has already been found in the previous work [21] by one of 
the authors as an exact solution of Einstein gravity with non vanishing cosmological 
constant. 

Apart from the overall conformal factor, the metric (10) is identical to the well 
known topological AdS black hole metric [22, 23, 24] with mass set to zero and curvature 
of spacial sections set to negative constants. The complete metric (10) also satisfies 
the effective Einstein equation (13) with the effective cosmological constant given by 



Thus both the cases e = +1 and e = — 1 correspond to the same effective cosmological 
constant. 

For both the metric (7) or the metric (10), it can be easily checked that the param- 
eter a has a very clear physical meaning. It corresponds to the magnitude of proper 
acceleration of the origin of the coordinate system being used. It should be remarked 
that accelerating vacua with conformal factor as given in (10) (i.e. involving hyperbolic 
cosine in the denominator) have not been found before. 

It follows from (14)- (15) that the effective cosmological constant is independent of 
the acceleration parameter. Actually, by taking the a = limit in (7), the effective 
cosmological constant can be readily read off because the metric falls back to that of the 
standard (A)dS. This is in sharp contrast to the case of Einstein gravity, for which it is 
known that the presence of the accelerating parameter a will shift the corresponding 
cosmological constant [21]. 

To see how the dependence on the bare cosmological constant A, the Gauss-Bonnet 
parameter £ and the signature 6 affects the value of the effective cosmological constant, 
it is necessary to take various limits. First we consider the "— " branch (i.e. 5 = — 1). 
In this case A e g is well behaved in the limit £ — > 0, yielding 



Rpv — 7;9^vR + A-eSd^u = 



(13) 



with the effective cosmological constant A e fj given as 




(14) 




(15) 



lim A, 

£=0,<5=-l 



eff — 



A. 
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On the other hand, the "+" branch does not have a well defined limit while £ — > 0. 
So, we may consider another limit, i.e. A — > 0. The limiting value of A e ff in this case 
reads 

limA cff = -|(l + 5), 

which is nonvanishing only for 5 = +1. Therefore, in order to produce a nonzero 
effective constant starting from a vanishing bare value, we need to take 5 = +1, and 
the corresponding effective cosmological constant is 

3 

A cff = --• 

3 Effective cosmological constant in 6D 

In the last section we have seen that the presence of the Gauss-Bonnet parameter £ can 
produce an effective cosmological constant in 5-dimensions. It is natural to ask whether 
this is an accidental fact in 5D or is a general property in all higher dimensions. In 
this section, we shall try to partially settle this question by presenting explicit results 
in the case of 6-dimensions. 

We start by mimicking the ansatz (3) by writing down the following metric: 
1 



ds 2 



a 2 (x + y) 2 



Z{z) ( J^r + W{wW 



Z(z) v ' \W(w 
Inserting into the equation of motion (l)-(2), we get the following solution 
1 



X{x) = -C lX z + C 2 X + C; 



2 



3- 



Y(y) 



l -C lV 2 - C 2 y + C 3 ) + (5 + <V60fA + 25) , 



Z(z) = l - f dCa - \c 2 2 ^j z 2 + C A z + C 5 , 

W(w) = l - (c x C z C h - l -C\ - \c 2 2 C^j w 2 + C 6 w + C r , 

where 5 = ±1 and C\ ~ C7 are integration constants. By properly choosing the 
values of these constants using various coordinate choice freedoms, we can simplify the 
solution into the form 

X{x) = e(l -x 2 ), (16) 

Y(y) = e(y 2 - 1) + (5 + 5^60^ + 25) , (17) 

Z(z) = l-z 2 , (18) 
W(w) = l-w 2 . (19) 
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One can proceed as in the previous section to rewrite the solution in a form which is 
conformal to the (A)dS metric in the standard form. However, omitting the details, we 
jump to the conclusion that the above metric is also a solution to the Einstein equation 
(13) with the effective cosmological constant given by 



5 + <ty60f A + 25 
A c ff — jrz • 

For vanishing A, A e g is nonzero only in the "+" branch and the corresponding value is 

5 

A cff - --. 



4 Discussion 



We have shown that EGB gravities in 5 and 6 dimensions possess accelerating vacua 
which are identical to Einstein vacua with effective cosmological constants. The so- 
lutions can be divided into two branches by choosing different signatures S, just like 
in the case in the absence of the acceleration parameter [3]. The "— " branch is well 
behaved when the Gauss-Bonnet parameter £ — > 0, in which case the effective cosmo- 
logical constant approaches the bare value. In contrast, the "+" branch is not well 
behaved in the limit £ — > 0, and for £ ^ the effective cosmological constant does 
not vanish even the bare value is zero. In both 5D and 6D cases the effective cosmo- 
logical constant in the "+" branch with vanishing bare value is inversely proportional 
to the Gauss-Bonnet parameter, with the constant of proportionality being a negative 
number. Thus, for instance, if we need a small and positive effective cosmological con- 
stant, the Gauss-Bonnet parameter must be negative and have a very large absolute 
value. On the other hand, if the Gauss-Bonnet parameter were taken to be positive, 
the effective cosmological constant will be negative. 

It is remarkable that the effective cosmological constants does not depends on the 
acceleration parameter (as apposed to the case of Einstein gravity), and the concrete 
values we get in 5D and 6D agree with the corresponding values in the non accel- 
erating cases [3]. We speculate that these properties may continue to hold in even 
higher dimensions. It is interesting to ask whether higher order Lovelock parameters 
can also produce effective cosmological constants. We leave this question for later 
considerations. 

In closing this article, let us pay some words toward the similar effects in pure GB 
gravity in the absence of Einstein term. It is not quite difficult to check that the 
solution (4)- (6), with (5) replaced by 

Y(y) = e(y 2 -i) + ^{6 y /^K), 

satisfies the equation of motion for the so-called pure GB gravity in 5D, 

kg„ v + = 0. 
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Similarly, the solution (16)-(19), with Y(y) replaced by 



also satisfy the equation of motion for pure GB gravity in 6D. The corresponding 
solutions are again Einstein vacua, with the effective cosmological constants given by 

A 6 ^ 
A c ff = 

in the 5D case and 



in the 6D case. So it is clear that for pure GB gravity, the effective cosmological 
constants will approach zero in both branches of accelerating vacua if the bare value 
vanishes. 
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